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THE BOUNDARY-LAYER METHOD IN THE FRACTURE MECHANICS OF
COMPOSITES OF PERIODIC STRUCTURE*

A.L. KALAMKAROV, B.A. KUDRIAVTSEV and V.Z. PARTON

The problem of a rectilinear crack in a composite material of doubly -
periodic structure is considered. It is assumed that the dimensions of
the crack are considerably greater than the «cell of material
periodicity. A boundary-layer method based on the use of the asymptotic
method of averaging periodic structures, taking additional solutions of
boundary-layer type /1/ into account to allow the edge effect that
occurs near the boundary of the crack outline to be considered, is
proposed for analysing the stress field in the neighbourhood of a
macrocrack.

Analysis of the stress field in highly inhomogeneous (composite)
materials with an idealized smooth macrocrack is usually performed by
replacing the inhomogeneous composite medium by a certain homogeneous
anisotropic medium that is eguivalent to the composite material with
respect to the average reaction. Such an approach enables the
computation of the average stress field in the composite with a
macrocrack to be reduced to solving elasticity theory problems for an
anisotropic homogenecus material with a mathematical slit. If the
material has a periodic structure (as is true of many composites), the
average (effective) characteristics of the equivalent should be
determined by the method of averaging periodic structures /1-3/ which
yields an asymptotically correct approximation to the exact solution of
the problem for the initial inhomogeneous medium. The averaging method
here allows the local structure of the fields being investigated to be
determined with a high degree of accuracy. This approach was used in
/4/ to analyse the stress field near a macrocrack in laminar composites
of periodic structure. In a number of cases formulas were obtained for
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the stress intensity factors that express them in terms of the
characeristics of the individual composite components and parameters
which fix the crack location in the laminar material.

A more rigorous approach to the estimation of the state of stress
of a composite material with a crack is proposed.

1. We will confine ourselves to considering a plane problem of elasticity theory for a
periodically inhomogeneous (composite) medium with a rectilinear macrocrack whose dimensions
are considerably greater than the dimensions of the periodicity cell. We shall also assume
that the elastic medium has a doubly-periodic inhomogeneity in the plate z,, z, and the edges
of the tunnel crack are parallel to the boundary of the periodicity cell (Fig.l); ¢ is a

dimensionless small parameter that is the ratio between the

composite cell dimension and the characteristic body dimension.
£ Within the framework of such a scheme, for example, it is
possible to consider a fibrous unidirectional composite
material with a tunnel crack whose plane is parallel to the
fibre, or a laminar composite with a plane crack located
perpendicular (parallel) to the material layers.

Let the rectilinear macrocrack pass along the periodicity
Uul:*l o ﬁ U(q z, cell boundary of the unbounded domain of the composite material

i
|
1
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i) (C)l e G(e) G(:) and let a given system of selfequilibrated normal and tangen-
1 %32 | 1z 7’ tial loads act on its edges. The asymptotic solution of the
' (i=123) equations of elasticity theory in a periodically inhomogeneous
half-plane x, >0 (z;<<0) wunder mixed conditions on the
Fig.l boundary &z, =0 must be constructed to determine the state
of stress and strain in the neighbourhood of such a crack.
The boundary conditions for z,=0  correspond to specifying stress 6,® (z;, =0) (i = 1,
2,3) on the section |z, |<a and mixed conditions on the displacements and stresses for
lz, | >a (Fig.l).
In order to satisfy mixed boundary conditions on the boundary 2z, =0 of a periodically
inhomogeneous half-plane 2z, >0 within the framework of the asymptotic method, we will con-
struct the solutions of three auxiliary plane problems for the domain z; > 0.

2. In the first problem we will seek the solution of the equations

308 (z,, 2,)/02y = 0 2.1
02 (@11 Ts) = Cuonp (Yar Ya) OU (21, zp)l0zs 2.2)

{ciang (Y1» ¥2) are singly-periodic functions in the variables Yo =Zole; i, k=1,2,3; «,p=1,2)
in the domain 2z >0 for the following conditions on the boundary:
ol2 (21, 0) = p; () (2.3

where p,(z,) are given functions of the "slow" variable z;.
Let us postulate the expansion /1-3/

4 = u® (@) + eul’ (@, p) + Ul () +. - (2= (20, 29), Y=(y0r 13) (2.4)

and on the basis of relationships (2.2) and (2.4) we find

052 = o@ (11 y) + 80(1) (.’t, .'/) + ase (2'5)
oszz (@, y) = ciaxp (y) (Oul” (z)/0z5 + Su® (z, y)/oys)
0% (2, ¥) = cuanp () (Ouf’ (2, y)/dzg + Ou® (z, y)/oys)

As a result of substituting relationship (2.5) into (2.1) and conditions (2.3) we obtain
the following boundary-value problems:

2 ul (z, y) Pesonp () 2u (2)
S P e e e (2.6)
ﬁuftl) (z.9) au® (2)
Cizkg (Y) |yr=0 ——ayﬂ_— yeo = — Cizkp (¥) o z—zﬂ R + pizy) 2.7
F) P @) ] ey (0) oud (2, v
B [c'“"ﬁ ) 37g 9y, 9z,
auM (z, y) o () i (z, )
Cioxp (¥) —ayn s () Toagdz, " Ciaks () -,,—';aa—yﬁ— (2.8)
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ol (z, y) oud (z, y)

Ciaep {¥) Jygmo el N + Cianp (#) e ~57 = =0 @.9

=0

We will represent the solution of {2.6) under the conditions {2.7) in the form of the
sum of two components

i @y = ul V(@ ) + ol (2 y)
where u{Y (z, y) are singly-periodic functions in the variables y,,y, that satisfy (2.6),

while uf"® (z,y) are functions periodic only in the variable y, and determined from the sol-
ution of the following problem:

(1,2}
3 a3 (2.0}
e [Clﬂkﬁ {¥) '—‘——“yT“"“} =0 (2.10)
oug"® (2, y) auf (@, )
Cinng () y=o *“k@%'m g =GB ) lw,ao-""'—”‘“‘“*’ A (2.41)
3 {0}
Cigkp (y) !Uu*o ——-‘%‘-%Ef-)— Xy + P {ml); u(kLQ) (13, y) —-0 as Yo
1f we seek uP?(z,¥) in the form
P (2, ) = Nuwp () 0l (a)idzs (212)

where Nnxg{y) are singly-periodic functions determinable from the solution of the local
problem in the periodicity cell

8 N xp (9) ] Pt (0)
[y () 5 | - — e (2.43)

then it can be shown that the condition for problem (2.10) and (2.11) to be solvable results
in the equality

Claxpdul” (2)/025 o0 = P (z1) (244)
Clus = Scms (¥2: 0) dyy (2.15)
1]

Cioxg (¥) = Ciaxp (U) + Ciany (§) ONuxs (4)/Byy

Now taking account of (2.12) and (2.14), we write the first condition of {2.11) in the
form

¥ (2, y) au& (=)

(2.16)

= [Clag — Ciarp (9) fyrmol
-

Cigkg (y ) lﬂ:xﬂ ¥ Ve gt
The solution of {2.10) can be found from the formula
W (2, y) = Ny () 0ul? @)/, @17

where the functions Nf(&)g {y) are determined from the solution of the following boundary-value
problem:

8 NG 15 ) 1
B [C:‘mw ) “—%y—— =0 (2.18)
angls (v)
Cigny (y) iv,ne*——%g”" o = C’ma = Crarp (4} fyes
N @) —~0  as Yo =00

where the functions {‘m (y) are singly-periodic in Y.

We will seek the functions up {z, ¥} satisfying the relationships (2.8) and (2.9) alsoc
in the form of the sum

u (2, y) = ul? @ y) +ulP (@ )
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where u@'V(z,y) are singly-periodic functions in the variables J ¥s» and W2 (z,y) are
functions periodic in y; only which tend to zero as y, —» oo, Omitting the awkward equations
for the terms ulP?{(z,y) and ul® (x, y), we note that the average equations

(Ciaxp) Oul’ (2)/0z0dzg = 0 {2.19)

and the formulas for the effective characteristics of a homogeneous medium

{LCiaxgd =

Oy b
T

[cms ) + cramy (5)— ""‘* }iyl dy, (2.20)

follow from the solvability conditions for the problem in u{™" (2, y).

Therefore, within the framework of the zero-th approx“uauuu /2/, the d

Py +
a periodically inhomogeneous half-plane with a given load on the boundary z, =0 are deter-

mined from the formulas
W (8) ~ A0) s vv y r FREO 72:\1
~ dn \ )t B Ynkp \Y) T LVnkp Y]

where the vector ul® z) is the solution of the average problem (2.19) for the half-plane
T b R o

amdt mErine ~oy 3+ian (2. 14)
wz/u Sacisxiying CONQiTIoNn (seaf) .

The expressions for the microstresses in a cell of the composite material here have the
form

Noig (1) | 0 N (9) )] 3ul® (2 (2.22)

=z, y) = [Ciaks U} + Ciuny (y)( 2 3
Yy 3{;‘? 5.:8

3. Let us examine the second auxiliary problem for a periodically inhomogeneous half-
nlane with aiven dignlacements on itgs houndarv
plane with given displacements on its bou v
3
uf® feymy = i (22) (3.1)
If expansion (2.4) is used, it follows from condition (3.1) that

ugﬁ) (2} Jeymo = v (zy) 3.2)

here the functions uM(z,y) and »,® (z,y) should satisfy {2.6) and {2.8) and the con-
U (@ P e =0, uf? (5 9) frme = 0 (3.3)

As in the preceding problem, we seek u,‘f“ {z, ¥) 1in the form of a sum of two components

w Y (z, ) and ¥, 0% (2, ¥)-  An asympto ¢ analysis of this problem is performed in /1/ and
it is shown that the functions mentioned can be represented in the form
0) o
s 15 ) PN Nows (1) au;( (=) ¢ 3 ) PSS V1 ) PSRN 8“‘”’:)
Un' ATy ) = svnkpiy) oz, 0 Un B Y= Nake ) 3z
where u,;,,a {y) are single-periodic functions in the variables 1y, y;3 satisfying Egs.{2.13)
while Nﬁ.m (y) are singly-periodic solutions in y, of the following problem for the half-
plane ¥ >0
[ nxﬁ(i’)
o {cxm (y)—————- =0 (3.4)
3 3}
N8e ()] rmo = — Nk () fyemo + hiRps N ‘ ks () — 0 as Ya—> 00 (3.5)

The constants A%, in the first condition of (3.5) are determined uniquely from the
condition for problem (3.4) and (3.5) to be solvable {(see /1/}.

In this case the solutions of (2.8) under zero conditions on the half-plane boundary can
also be determined in the form of a sum of two components, the first of which is a solution
periodic in p,y, while the second is periodic in y; only and tends to zero as Yy —»oo.
The global (average) Egs.(2.19) here follow from the condition for the local problem to be
solvable for the periodic component in 'y,, y, of the total solution.

Thus, within the framework of the zero-th approximation we have the following expression
for the displacements in a periodically inhomogeneous half-plane

u® = ul® () + & [Narp (y) + N (9)] 0f” (/025 (3.6)



where u® (z) are determined from the solution of the average problem, Egs.(2.19) and con-
ditions (3.2), while the formulas

oo 1), 9Vt ) )J o’ (=) (3.7)

off = off (2, y) = [Ciakﬁ () + ciany () < 3y, + ay,, oz

hold for the microstress components in the composite cell.

4. If mixed boundary conditions are given on the boundary z; =0 of the inhomogeneous
half-plane z, >0 in the form, for example,

off o = pi(z)) (=1,3) uf lepmo= vy () (4-1)

it can be shown that the asymptotic solution of the problem has the form (2.21) and (2.22) as
before, but the functions 5,% (y), that are determined from the solution of the following
problem in the domain y, >0

e [cm(m L] o kn=1,2,9 (4:2)
aNGle (v)
Camy (¥) !u.=o—;;;g~— e = Cns = Cap W) lumo (1=1,3) (4:3)
Nitb @) lwo = — Noxg D) lumo + 1iRss Vs () >0 as gy oo

should be substituted in place of the functions N4 (y) in these formulas, where the func-
tions N,(.‘})B (y) are singly-periodic in y,.
In this case the vector u® (z) 1is the solution of (2.19)under the conditions
Clarg0ul’? (2)/02g Jxmo = Pi(22) (1 =1,3), 1" (2) remo = V3 (21) (4-4)

5. Let us use the results of solving the above-mentioned problems to analyse the state
of stress in the neighbourhood of the vertex of a rectilinear macrocrack of a normal discon-
tinuity that passes over the boundary of rectangular periodicity cells of a composite medium.
let there be no shear stresses  0,®), 0,4® on the edges of this crack and let the normal

stress
ot fermto = P2 (@), |21[<a

be given. Then, because of the symmetry of the state of stress and strain about the x; axis,
the consideration can be limited to just the upper half-plane (2, >0) on whose boundary the
following conditions should be satisfied (Fig.l):

0s® lomo = 0 (i = 1,3), |7, | < o0 CRY)

055® loymo = Po (Ty)s |20 1 << @5 1s® oo = 0, |1, [ > a

Analysing the state of stress of an inhomogeneous half-plane with the boundary conditions
(5.1), several characteristic domains can be extracted in the neighbourhood of the half-plane
boundary. We will first consider the domain 4 in the neighbourhood of the points z, = =+ a,

y = 0 in the form of a rectangle with the sides §; + 8,,8 (Fig.2). This domain contains
a finite (fairly small) number of periodicity cells and the state of stress and strain within
it should be determined directly from the solution of the elasticity problem without applying
asymptotic methods of averaging. The domain 4 is part of an unbounded strip 0< z,<< 8,
fay | < o0, within which the sections 0<<z, < §, |z, |<<a (domain 1) and 0<az, < 8§, |z, | >
a (domain 3) are extracted, where utilization of asymptotic solutions of the form elucidated
in Sect.2 for domain 1 and the form elucidated :in Sect.4 for domain 3 is possible. It must

here be noted that the functions Nﬁ.lyzg (y) and Nﬁfﬁg (¥) determined from the solutions of the

boundary-layer problems (2.18) and (4.2), (4.3) are solutions of boundary-layer type, and
consequently, we can set o
Nils (9) =0, N&p () = 0

in domain 2 (z, > 6)
Therefore, the quantity 6 is found by solving problems (2.18) and (4.2) and (4.3) from
the condition
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N%ZB (yh 8)=~0, Nﬁgﬂ (yu 8) =0

The choice of the quantities &,8, (Fig.2) can be made on the basis of the following
reasoning. Perturbation of the state of stress due to
replacement of the boundary conditions in the nighbourhood

% rxj‘ of the points z;=a, 5= 0 {crack apices), is localized in
domain 4 and does not extend beyond its limits. The character-
/ 7 AN istic dimensions of the perturbation domain can here be ‘
\ FAmSAR estimated from the known asymptotic forms for the stress in
7 I Py L S the neighbourhood of a crack. Moreover, it is conv?nient to
o8, 5, 4 select the values of §, 4,8, such that the boundar}e§ of
a domain 4 coincide with the boundaries of the periodicity
cells of the composite (see Fig.2).
Fig.2 Having the solutions of problems {2.18) and {4.2), {4.3),

the stresses can be given on three sides of the rectangle 4,
i.e., on the sections & = g— 8, z,=a+ 8, O0<2, <8
and g — 8, <z, <a-+ 9, ¥ =28 since the boundary conditions on the section « - S <<y << a-+
8, z;=0 are known (relationship (5.1)), the solution of the problem of elasticity theory
in domain 4 can be constructed, for instance, using numerical methods.
The formulation of the problem will here to the following

80i® (1 Bul®) 17y
TED 0 o= ) g @ Bnx=1D

o2 (2, 0 =0, 6 — & <z < a-+ 8 62 (2, 0) = py (2), e — G <z < &
u {z, 0) =0, a <z < at b

am, Ny ul®
B
o;?ilx‘ga_ﬁ{cww)wme(y)( et ) ||, 5
-

[27 ‘hﬁ Kpay By
8N, N au®
{g) _ nnf nnp ®
o't’aix,.w-.:(xi-dz ["w 5 (8 F Cygng (fi)( s +—-————6ye - e % | satty
aN, ul®
{£} o nup ]
ow{x.r.vo = [C’mxﬁ )+ Cyoms 37, ] o %5 |t

We note that the constants h§§ from the conditions determined by the last equality

in {4.3) do not enter into these relationships.
The functions u®(z) (x=1,2) are solutions of the following average problem:

<Cyaupd P (@) 0,025 = 0, 23>0

Crang®u (2)/07g | 1y =0, |73 | < oo;
Cong?u? ()02 | g = Pr(21), [ 71} <a

u(zu) (z) ix,=o= g, IE ‘> 8

The coefficients in the formulation of the average problem were determined above (see
relationships (2.15) and (2.20)).

We note that the possibility of extracting the local domain 4 with known boundary con-
ditions on its contour enables a fairly rigourous analysis to be carried out of the state of
stress in this domain for any location of the crack tip in the composite cell, and particularly
for the case when the crack apex is on the interfacial boundary of two heterogeneous com~
ponents.

The proposed method of boundary-layer solutions can also be used in different contact
problems of the theory of the elasticity of composite materials of periodic configuration,
for instance, in the problem of a stamp.
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